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The Model

Default Time
ade
of a Nume

Default Time

@ The default time 7 is a non-negative random variable on (2, 3, Q).
@ Note that Q is the statistical probability measure.
@ The filtration generated by the default process H; = 1, <, is denoted by

H.

@ Weset G =TV H, so that §; = F; vV H; for every t € R,, where
F = (Ft)ier, is a reference filtration.

We define the processes F; and G; as
FtZQ{TS f|?[}

and
Gt:1—F1:Q{T>t‘3~t}.
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The Model

Default Time

Hazard Process

@ The process ', given as
[y = 7|n(1 7F1) = *|nGp

is the IF-hazard process under the statistical probability Q.

@ We shall assume that the IF-hazard process is absolutely continuous:
[ = f(; Yu au.
@ Hence, the compensated default process

AT t
M[IHy—/ ’yudUZHy—/gudU,
0 0

is a G-martingale under Q, where we denote & = vl ji<,}.
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The Model
Default Time

Hypothesis (H)

Hypothesis (H). We assume throughout that any IF-martingale under Q is
also a G-martingale under Q.
@ Hypothesis (H) is satisfied if a random time 7 is defined through the
canonical construction.
@ If the representation theorem holds for the filtration I and a finite family

Z',i < n, of F-martingales then, under Hypothesis (H), it holds also for
the filtration G and with respect to the G-martingales Z',i < nand M.

Remark. Hypothesis (H) is not invariant with respect to an equivalent change
of a probability measure, in general.
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The Model

Default Time

Change of a Numeraire

Dynamics of Traded Assets

@ Let Y', Y2 Y® be semimartingales on (2, , G, Q). We interpret Y/ as
the cash price at time t of the jth traded asset in the market model
M = (Y', Y2, Y3 ), where ¢ stands for the class of all self-financing
trading strategies.

@ We postulate that the process Y’ is governed by the SDE
aY{ = Y{_(uidt+o; dW, + ki dMy), i=1,2,3,
with Y} > 0.

@ Here W is a one-dimensional Brownian motion and the M is the
compensated martingale of the default process H.
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The Model

Default Time
Prices of Traded Assets
Change of a Numeraire

Assumptions

@ We assume that that x; > —1 and k1 > —1 so that Yﬂ > 0 for every
t € R.. This assumptions allows us to take the first asset as a
numeraire.

@ Note that the constant coefficient k1 > —1 corresponds to a fractional
recovery of market value for the first asset.

@ In general, we do not assume that a risk-free security exists. Hence we
do not refer to the theory involving the risk-neutral probability associated
with the choice of a savings account as a numeraire.
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Change of a Numeraire

@ An equivalent martingale measure Qis characterized by the property
that the relative prices Y/(Y")~', i = 1,2, 3, are Q-martingales.

@ We will derive the dynamics for the process Y"' = Y/(Y')~" fori=2,3.
@ From It6’s formula, we first obtain

1) 1 2 1
I(5) = v (meotea (-1 )

1
7 (”“’V“ *‘M)

1+
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Dynamics of Relative Prices

Consequently, the Itd’s integration by parts formula yields the following
dynamics for the processes Y

l , K
avy' = \’{’1{ <”f—u1 —o1(0i = o1) = &k — hir)q +1m> *

1+ K4

=+ (0'1—0'1)th—|— b — M th}.
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Equivalent Martingale Measure

@ By assumption, @ is equivalent to the statistical probability @ on (2,57)
and such that Y"', i = 2, 3 are Q-martingales.

@ Kusuoka (1999) showed that any probability equivalent to Q on (2, S7)
is defined by means of its Radon-Nikodym density process 7 satisfying
the SDE

ant = ni— (91 aW; + ¢ er), no =1,
where 6 and ¢ are G-predictable processes satisfying mild technical
conditions (in particular, ¢; > —1 for t € [0, T]).

@ Since M is stopped at 7, we may and do assume that ( is stopped at 7.
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Radon-Nikodym Density

We define @ by setting

aQ _
aQ ~ nr = Er(OW)Er(CM),  Q-as.
Then the processes W and M given by, for t € [0, T],
- t
W, = W,- / 0u du,
0

t t t
M[ = Mt — / EUCU du = H[ — / £U(1 —+ CU) du = H{ — / EU dU7
0 0 0

where &, = £,(1 + (u), are G-martingales under Q.
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Default Time
Prices of Traded Assets
Change of a Numeraire

Martingale Condition

Proposition

Processes Y, i=2,3 are Q-martinga/es if and only if drifts in their
dynamics, when expressed in terms of W and M, vanish.

Hence the following equalities hold for i = 2,3 and every t € [0, T]

7 {m — i+ (01 = 0i)(6r — 01) + &k —“f)?;: } =0

Equivalently, we have for i = 2,3, on the set Yt’f #0,

w1 — pi + (o1 — 00)(0r — o1) + &K1 */ii)?_;:: =0
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Case A: Strictly Positive Primary Assets

CASE A: STRICTLY POSITIVE
PRIMARY ASSETS
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Case A: Strictly Positive Primary Assets Martingale Condition

N re
Example A

Case A: Strictly Positive Primary Assets

Case A: standing assumptions:
@ We postulate that x1 > —1 so that Y' > 0.

@ We assume, in addition, that x; > —1 for i = 2, 3, so that the price
processes Y2 and Y? are strictly positive as well.

Martingale condition:
@ From the general theory of arbitrage pricing, it follows that the market
model M is complete and arbitrage-free if there exists a unique solution
(6, ¢) such that the process ¢ > —1.

@ Since Y"' > 0, we search for processes (6,¢) such that for i = 2,3

K1 — Kj K1
1+ K4

et(0'1 _Ui)+Cl£t m

= pi — p1 + o1(o1 — 0i) + (k1 — ki)
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Case A: Strictly Positive Primary Assets

Martingale Condition

Since & = vl (<}, we deal here with four linear equations.

@ Fort<r:
0t(o1 — 02) + Cw’?_;:f = p2—p1 +oi(or — 02) +7%
0t(o1 — o3) + Cw?_;:s = pz— pt+o1(o1 — o3) +7%.
@ Fort>r:
Ot(o1 —02) = p2— 1 +o1(o1 —o2),
Oi(o1 —o3) = ps— p1+o1(o1 — os).

@ The first (the second, resp.) pair of equations is referred to as the
pre-default (post-default, resp.) no-arbitrage condition.
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Case A: Strictly Positive Primary Assets

Notation

To solve explicitly these equations, we find it convenient to write
a=detA, b=detB, c=detC,

where A, B and C are the following matrices:

A | or—02 K-k g_|or—0o2 m—pe
01 —03 Ki—K3 |’ o1 —03 1 —p3 |’

C:[mﬂiz i — 2 }

K1 — K3 M1 — M3
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Case A: Strictly Positive Primary Assets Martingale Condition
N re

Auxiliary Lemma

The pair (9, ¢) satisfies the following equations

bta = o1a+c,
Gt&ia = ki&a— (14 k1)b.

In order to ensure the validity of the second equation after the default time
(i.e., on the set {& = 0}), we need to impose an additional condition, b = 0,
or more explicitly,

(o1 — 02)(u1 — pz) — (o1 — 03) (w1 — p2) = 0.
If this holds, then we obtain the following equations
bra = o1a+c,
Gé&a = ki&a.
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Martingale Measure
Example A

Existence of a Martingale Measure

Proposition

(i) Ifa +# 0 and b = 0 then the unique martingale measure Q has the
Radon-Nikodym density of the form

o
7 = erOwEr(cm),
where the constants 6 and ¢ are given by
920'1—|—E7 C=I£1>—17
a

and where we write, fort € [0, T],

£(OW) = exp (OW; %921)

E(CM) = (141 (i) oxp (— CY(E A T)).
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tingale Measure

Existence of a Martingale Measure

Proposition

(i) Ifa+ 0 and b = 0 then the model M = (Y, Y2, Y3, ®) is arbitrage-free
and complete. Moreover, the process (Y', Y2, Y°, H) has the Markov
property under Q.

(iii) Ifa= 0 and b = 0 then a solution (0, ¢) exists provided that ¢ = 0 and the

uniqueness of a martingale measure Q fails to hold. In this case, the model
M = (Y, Y2, Y3, ®) is arbitrage-free, but it is not complete.

(iv) If b # 0 then a martingale measure fails to exist and consequently the
model M = (Y', Y2, Y3, ®) is not arbitrage-free.
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Case A: Strictly Positive Primary Assets _
ndition

Example A: Extension of the Black-Scholes Model

@ Assume that the asset Y' is risk-free, the asset Y2 # Y' is default-free,
and Y2 is a defaultable asset with non-zero recovery, so that

ay! = rY{dt,
dYf = Yi(pedt+o2dW),
ay? = Y2 (usdt+osdW; + k3 dM;).

@ Wethushave o1 = k1 =0, u1 =r, 02 #0, ko =0, and
k3 # 0, kg > —1.
@ Therefore,
a=opk3 #0, C=:‘€3(f'—/12)7

and the equality b = 0 holds if and only if

oo(r — pa) = os(r — p2).
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Case A: Strictly Positive Primary Assets
dition

re
Example A

Example A (Continued)

@ Itis easy to check that

gzﬂ’ ¢ =0,
g2

and thus under the martingale measure Q we have (irrespective of
whether o3 > 0 or o3 = 0)

ay; = rvlot,
d¥f = Yi(rdt+o2 th)7
dYt3 = Yts_ (I’df+0'3 dW[-i-Ks dM[).

@ Since ¢ = 0 the risk-neutral default intensity 7 coincides here with the
statistical default intensity ~. This implies the equality M = M.
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Case B: Defaultable Asset with Zero Recovery

CASE B: DEFAULTABLE ASSET
WITH ZERO RECOVERY
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Case B: Defaultable Asset with Zero Recovery

Stopped Trading

Case B: Defaultable Asset with Zero Recovery

Case B: standing assumptions:
@ We postulate that xk; > —1fori=1,2and k3 = —1.

@ This implies that the price of a defaultable asset Y* vanishes after , and
thus the findings of the preceding section are no longer valid.

Martingale condition:

@ Since Y2 jumps to zero at 7, the first equality in the martingale condition

M2 — i1 +(02—01)(9f_01)+§’('€2_m)ﬁt;/: N

should still be satisfied for every t € [0, T].
@ The second equality in the martingale condition

ps — pi1 + (03 — 01) (0t — 01) + &e(ka 7””?—;:11

is required to hold on the set {r > t} only (i.e. when & = 7).
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Case B: Defaultable Asset with Zero Recovery Martingale Measure
nple B

Stopped Trading

Martingale Condition

Under the present assumptions, the unknown processes ¢ and ¢ in the
Radon-Nikodym density of Q with respect to Q satisfy the following equations

ug—m—!—(ag—m)(@;—m) = 0, fOI’t>T,
,ug—,u1—|—(c72—01)(9t—cr1)+’y(/<2—/@1)?7’{1 = 0, fort<,
+ K1
Gt— k1
uz — 1 + (03 — 01)(0t — 1) +y(—1 — /{ﬂm = 0, fort<.

This leads to the following result.

PDE Approach to Credit Derivatives
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Martingale Condition
Case B: Defaultable Asset with Zero Recovery Martingale Measure

Example B

Stopped Trading

Existence of a Martingale Measure

Proposition
The pair (9, ¢) satisfies the following equations, fort < r,
fra=o1a+c, C(ya=rkiya— (1+k1)b.
Moreover, fort > 7,
pz — p1 + (02 — 01)(0r — 1) = 0.
Leta+# 0, o1 # 02 andy > b/a. Then the unique solution is

_ c _ M he _ g, (r)b
0t = Ly<ry (‘71+a)+]1{t>r} <U1 01_02)7 Gt = K1 - 1.
The model M = (Y, Y2, Y3, ®) is arbitrage-free, complete, and has the
Markov property under the unique martingale measure Q.
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Case B: Defaultable Asset with Zero Recovery C
Example B
Stopped Trading

Example B: Extension of the Black-Scholes Model

@ Assume that the asset Y' is risk-free, the asset Y2 # Y' is default-free,
and Y2 is a defaultable asset with zero recovery, so that

av! = rv}odt,
dYf = Y(p2dt+o2dW),
day? = Y2 (usdt+osdW; — dMy).

@ This corresponds to the following conditions:
01 = K1 :0, wi=1r, 0’2#0, K2:0, Ii3=—1.
Hence a = —o2 # 0. Assume, in addition, that

03
y>b/a=r—jps— —(r— ).
g2
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Case B: Defaultable Asset with Zero Recovery C
Example B
Stopped Trading

Example B (Continued)

@ Then we obtain

6= r;2“27 g:—%:%(us—r—g(ug—r)) > 1.
@ Consequently, we have under the unique martingale measure Q
ay! = rvjdt,
Y = YR(rdt+o.dW,),
a¥? = Y2 (rdt+osdW; — di).

@ We do not assume here that b = 0; if this holds then { = 0, as in
Example A.

@ In Case B, the risk-neutral default intensity 7 and the statistical default
intensity ~ are different, in general,
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Case B: Defaultable Asset with Zero Recovery C
Example B
Stopped Trading

Case of Stopped Trading

@ Suppose that the recovery payoff at the time of default is exogenously
specified in terms of some economic factors related to the prices of
traded assets (e.g. credit spreads).

@ The valuation problem for a defaultable claim is reduced to finding its
pre-default value, and it is natural to search for a replicating strategy up
to default time only.

@ It thus suffices to examine the stopped model in which asset prices and
all trading activities are stopped at time 7.

@ In this case, we search for a pair (6, ¢) of real numbers satisfying
fa = oia+c,
(ya rk1va— (1 + k1)b.
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Case B: Defaultable Asset with Zero Recovery C
Example B
Stopped Trading

Case of Stopped Trading

@ If a # 0 then the unique solution (8, ¢) to the above pair of equations is

gy~ At m)b

-1,
ya

(o]
=01+ — =
01 a’ C

where the last inequality holds provided that v > b/a.

@ As expected, in the stopped model, we obtain the unique martingale
measure Q for any choice of recovery coefficients x, and xs.

@ In the case of stopped trading, hedging of a contingent claim after the
default time 7 is not considered.
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CASE A: PRICING PDEs AND HEDGING
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Pricing PDEs

Case A: Pricing PDEs and Hedging E‘ mlmg A

Contingent Claim

Let us now discuss the PDE approach in a model in which the prices of all
three primary assets are non-vanishing.
@ |tis natural to focus on the case when the market model
M = (Y, Y2, Y3 ®) is complete and arbitrage-free.
@ Therefore, we shall work under the assumptions of part (i) in the
proposition on the existence of a martingale measure.

@ We are interested in the valuation and hedging of a generic contingent
claim with maturity T and the terminal payoff Y = G(Y7, Y2, Y2, Hr).

@ The technique derived for this case can be easily applied to a defaultable
claim that is subject to a fairly general recovery scheme.
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Pricing PDEs
Hedging

Case A: Pricing PDEs and Hedging E‘,,ﬂ”m; A

Risk-Neutral Price

@ Leta+#0and b =0, and let Q be the unique martingale measure
associated with the numeraire Y. Then

aQ
daQ
where 6 and ¢ are explicitly known.

e If Y(Y1)~'is Q-integrable then the risk-neutral price of Y equals, for
every t € [0, T],

m(Y) = V¥ E@((Y})71Y‘9t)
= Y Eg (YD) 'G(Y7, Y, Y2, Hr) | Y, Y2, Ve Hy)

= Er(OW)Er(CM)

where the second equality is a consequence of the Markov property of
(Y', Y2, Y3 H) under Q.
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Case A: Pricing PDEs and Hedging Example A

Pricing PDEs: Case A

Proposition

Let the price processes Y', i = 1,2, 3 satisfy
aY{ = Y{_(uidt + o; dW, + i dM)

with k; > —1 fori =1,2,3. Assume that a # 0 and b = 0. Then the
risk-neutral price 7:(Y) of the claim Y equals

ﬂ—t(Y) = 1{f<‘r']>c(t7 \/1‘17 \/1‘27 \/1‘370) + ﬂ{lZT}C(tv Y[17 Y127 Yt37 1)

for some function
C:[0,T] xR® x {0,1} — R.

Assume that for h = 0 and h = 1 the function C(-, h) : [0, T] x R® — R
belongs to the class C'2([0, T] x R%, R).
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Case A: Pricing PDEs and Hedging Example A

Pricing PDEs: Case A

Then the functions C(-,0) and C(-, 1) solve the following PDEs:

3
1
9:C(-,0) + Z a —vki)Yid;C(-,0) + 3 Z aiojyiyj0;C(-,0) — aC(:,0)
i=i

ij=1
’Y[C(t7Y1(1 + 51),Y2(1 + "{"’2)7}/3(1 + KJ3)7 1) - C(tv y17y27y330)} =0
and
1 3
aC(., +a2y,8, é;afojyf)/jf)gC(-J)7aC(.,1):0
where o = i + 0;<, subject to the terminal conditions

C(T:}/17}’2,}’3:0) = G(}’h}’&}/a’o), C(T7Y17,V2,}’37 1) = G(}’1,}’27YS71)~
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Case A: Pricing PDEs and Hedging

Comments

@ The valuation problem splits into two pricing PDEs, which are solved
recursively.
o In the first step, we solve the PDE satisfied by the post-default pricing
function C(+, 1).
o Next, we substitute this function into the first PDE, and we solve it for the
pre-default pricing function C(-,0).
@ The assumption that we deal with only three primary assets and the
coefficients are constant can be easily relaxed, but a general result is too
heavy to be stated here.

@ Observe that the real-world default intensity v under @, rather than the
risk-neutral default intensity 4 under Q, enters the valuation PDE.
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Pricing PDEs
Hedging

Case A: Pricing PDEs and Hedging E‘,,ﬂ”m; A

Black and Scholes PDE

@ We consider the set-up of Example A, with a # 0 and b = 0.

® Let Y = G(Y?) for some function G : R — R such that Y(Y7) ™" is
Q-integrable.

o ltis possible to show that m¢(Y) = C(t, Y?).

@ The two valuation PDEs of Proposition A2 reduce to a single PDE

1
0:C + (,ug — 029)}/2820 + §U§y22822c — ([Az — O’g@)C =0

with 6 = (I’ — /Ag)/o’g.
@ After simplifications, we obtain the classic Black and Scholes PDE

0:C + I’ygazc + %O’%}/gzazzc —rC=0.
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Pricing PDEs
Hedging

Case A: Pricing PDEs and Hedging Example A

Trading Strategies

@ Recall that ¢ = (¢', ¢?, 4°) is a self-financing strategy if the processes
o', 2, ¢° are G-predictable and the wealth process

Vi(g) = o1 Vi + 2 YE + 07 Y7

satisfies
dVi(¢) = o1 dY} + 62 dYE + ¢3 dY:.

@ We say that ¢ replicates a contingent claim Y if Vr(¢) = Y. If¢isa
replicating strategy for a claim Y then, for t € [0, T],
m(Y) = ¢t Vi + GEYE + 67 V7

@ To find a replicating strategy, we combine the sensitivities of the
valuation function C with respect to primary assets with the jump
AC; = C; — G- associated with default event.
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Pricing PDEs
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Case A: Pricing PDEs and Hedging Example A

Hedging with Sensitivities and Jumps

Proposition

Under the present the assumptions, the claim G(Y3, Y2, Y3, Hr) is replicated

by ¢ = (o', ¢%, %), where the components ¢', i = 2,3, are given in terms of
the valuation functions C(-,0) and C(-,1):

¢f = ‘3\1/2(K3_K1 (ZU:Yt 9,C —010)—(03—01)(AC—H1C)>
t—

(ﬁ? = a% ((K,g — m)(Za;YL@;C — o4 C) — (02— 01)(AC — K4 C)>
t— i=1

and ¢' equals

_(Yt (Ct Z@Yt)
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Pricing PDEs
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Case A: Pricing PDEs and Hedging Example A

Example A: Extension of the Black-Scholes Model

@ Assume that the asset Y' is risk-free, the asset Y2 # Y' is default-free,
and Y2 is a defaultable asset with non-zero recovery, so that

ay; = rY/dt,
dY? = YZ(u2dt+ o2 dW),
d¥? = Y2 (usdt+ o3 dW + ks dMy)

with o2 # 0 and k3 # 0, k3 > —1.

@ We may assume, without loss of generality, that C does not depend
explicitly on the variable y;.

@ Assume that a = o2k3 # 0 and o2(r — us) = o3(r — p2). The following
result combines and adapts previous results to the present situation.
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Example A: Pricing PDEs

Corollary

The arbitrage price of a claim Y = G(Y?%, Y2, Hr) can be represented as
m(Y) = C(t, Y2, Y2, H:), where C(t, y2, y3,0) satisfies

8,C(-, 0) ar fyzagc(-, 0) ar }/3(f = H3’V)83C(-, O) — I’C(', O)

3
1
5 > " 0ioyiyi05C(-, 0) + ¥ (C(t, ya, ya(1 + Ka), 1) — C(t, y2, 5,0)) =0

ij=2
with C(T, y2, y3,0) = G(y2, y3,0), and C(t, y2, y3, 1) satisfies
atC(t7 Y2, Y3, 1) + f}’2320(t7}’27}’3, 1) + fy383C(f, Y2, Y3, 1) - rC(t,yg,y37 1)

13
+ 3 Z 0iojyiy;0;C(t, y2, y3,1) = 0

i,j=2

with C(T, ¥z, ys,1) = G()z, y3, 1).
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Example A: Hedging

Corollary

The replicating strategy for Y equals ¢ = (¢', ¢2, ¢°), where
¢; = Y1)7 (Cf Z@Yt),
g = @;W <m3 ,Z:;”"y"a"c(t’ YL Y Hho)
—a3(C(t, Y2, Yo (1 +ka), 1) — C(t, Y2, Y, 0))),
5 = ﬁ(m Y2, Y2 (1+ra),1) — C(t, Y2, Y2.,0)).
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Example A: Survival Claim

@ By a survival claim we mean a claim of the form Y = 1,1, X, where an
Fr-measurable random variable X represents the promised payoff.

@ In other words, a survival claim is a contract with zero recovery in the
case of default prior to maturity T.

@ We assume that the promised payoff has the form X = G( Y%, Y3),
where Y7 is the (pre-default) value of the ith asset at time T.

@ Itis obvious that the pricing function C(-, 1) is now equal to zero, and
thus we are only interested in the pre-default pricing function C(-, 0).
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Example A: Survival Claim

(07e](]|F-Ta%

The pre-default pricing function C(-,0) of a survival claim of the form
Y =1,-11G(Y%, Y?) solves the PDE

8[6(', 0) + ry2820(~7 O) + y3(r = Hg’y)@gC(-7 O)
1 3
2 > 0i03y1y945C(-, 0) — (r +7)C(-,0) = 0
ij=2

with C(T, y2, y3,0) = G(y2, y3). The components ¢* and ¢* of a replicating
strategy ¢ are given by the following expressions

3
of = 1 (“szai\’r/—aic(vo)—USC('7O)>’ ¢ ==

y2
Raoz ¥ i—2

C(-,0)

kY
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CASE B: PRICING PDEs AND HEDGING
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Case B: Defaultable Asset with Zero Recovery

Standing assumptions:
@ We now assume that the prices Y' and Y? are strictly positive, but
ks = —1 so that Y2 is a defaultable asset with zero recovery.
@ Of course, the price Y; vanishes after default, that is, on the set {t > 7}.

@ We assume here that a # 0 and o1 # o2, but we no longer postulate that
b=0.

@ We still assume that v > b/a, however. Let us denote

=2

C
o =pi+oi—, Bi=p—o———
a 1 —0'2
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Valuation PDEs: Case B

Proposition

Let the price processes Y', i = 1,2, 3, satisfy
dY{ = Y{_ (wdt + a; dW; + x; dMy)
with k; > —1 fori = 1,2 and k3 = —1. Assume that
a#0, o1 #02, v>b/a

Consider a contingent claim Y with maturity date T and the terminal payoff
G( Y71'7 Y72'7 Y'?‘a HT)

In addition, we postulate that the pricing functions C(-,0) and C(-,1) belong
to the class C'"2([0, T] x R%, R).
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Pricing PDEs: Case B

Then the pre-default pricing function C(t, y1, ¥», ys, 0) satisfies the pre-default
PDE

3 3
1
OC(-,0) + > (i — vki)yidiC(-,0) + 3 > oio3yiyi0iC(-, 0)

i=1 ij=1
b
+ (7= 2) [Clt (1 + k1), yo(1 + 2), 0,1) = C(t, 4, ¥, ¥, 0)]
b
- (041 + K1 5) C(,0)=0
subject to the terminal condition

C(T7 }/17}’2,}’370) = G(}’1,}’27Y370)~
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Pricing PDEs: Case B

The post-default pricing function C(t, y1, y», 1) solves the post-default PDE

2
&C(, 1)+ > BiyidiC(-, 1 ZUIU/YIYI&J( 1) = B:C(-,1)=0

i=1 i,j=1
subject to the terminal condition

C(T,y1,y2,1) = G(y1,2,0,1).

The components of the replicating strategy ¢ are given by the general
formulae.
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Example B (Continued)

@ We assume that the processes Y', Y2, Y? satisfy

ay;, = rY!dt,
dY? = YZ(uzdt+ o2 dWy),
dy? = Y2 (usdt+osdW, — dMy).

@ Letus write 7 = r +7, where
~ b o
v=v(1+C)=7—5=W+u3—f+;z(f—uz)>0

stands for the default intensity under Q.
@ The quantity 7 is interpreted as the credit-risk adjusted short-term rate.
@ Straightforward calculations show that the following corollary is valid.
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Example B: Pricing PDEs

(070](]|F-Ta%

Assume that o1 = k1 = k2 = 0, k3 = —1 and
v>bja=r—ps— 2(r - pa).
op)
Then C(-,0) satisfies the PDE
0:C(t, ¥, ¥3,0) + r202C(t, y2, y3,0) + Ty305C(t, ¥2, ¥3,0) — TC(t, y2, y3, 0)

3
1 ~
+5 > 0i0i05C(t, Y2, ¥5,0) + FC(t, y2, 1) = 0,

ij=2

with C(T, y2, y3,0) = G(¥?, y3,0), and the function C(-,1) solves

1
8fC(ta }’271) + ry2820(t7 Y2, 1) + 5”5}’223220“}’2, 1) - rC(ta y231) = 07

with C(T,y2,1) = G(¥2,0,1).
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Example B: Survival Claim

For a survival claim, we have C(-,1) = 0, and thus we obtain following
results.

Corollary

The pre-default pricing function C(-,0) of a survival claim
Y = 1(.~7,G(YZ, Y?) solves the following PDE:

atc(tv y27y3a0) + ry282c(t7y23y370) +?y3830(t, J/27y3:0)

3]
1 ~
t3 > 0i07yiyj05C(t, ¥2, y3,0) — TC(t, y2, ¥5,0) = 0

ij=2

with the terminal condition C(T, y2, y3,0) = G(y2, ¥3).
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Corollary B2 (Continued)

Corollary

The components ¢? and ¢° of the replicating strategy are, for every t < ,

¢? = O'2Y2 (ZUI)/I‘ alc(t \/t I 13770)+0-3C(t7 \/1‘277Y1‘3770))7
t—

& = o5 Ot YE,YE,0)
t—

@ We have ¢3 Y2 = C(t, Y2, Y2 ,0) forevery t € [0, T]. Hence the
following relationships holds, for every t < r,

P YS = C(t, Y, Y2,0), &Y, +4iY¢=0.

@ The last equality is a special case of a balance condition introduced in
Bielecki et al. (2006) in a semimartingale set-up.
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PDE Approach to Basket Claims

Case of Two Credit Names

We first consider a special case of two credit names:
@ Let r1 and 2 be strictly positive random variables defined on a
probability space (2, G, Q).
@ We introduce the corresponding jump processes H: = 1<y for
i =1,2, and we denote by H' the filtration generated by the process H'.

o Finally, we set G = IF v H' v H2, where the filtration IF is generated by
some Brownian motion W (which is also a G-Brownian motion).

@ We now need at least four traded assets, since we deal with three
(possibly independent) sources of uncertainty.
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Dynamics of Traded Assets

Standing assumptions:

@ For the sake of simplicity, we assume that Y; = 1, so that Y" represents
the savings account corresponding to the short-term rate r = 0.

@ We postulate that the asset price Y’ satisfies, for i = 2,3, 4,
dY{ = Y{_(widt + o; dWi + r; dM; + b dMF)

where M’ is the Q-martingale associated with the default process H',
that is,
M. = H] _/ Vi1 = Hi) du.
0
@ To ensure the Markov property, we assume that v/, = gi(u, H}, H2).
@ Defaults cannot occur simultaneously: AH; AH? = 0.
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Contingent Claim

@ Consider a contingent claim of the form
Y = G(Y2, Y3, Y}, HY HR).
@ lts arbitrage price can be represented as a function
m(Y) = C(t, Y, Y2, Vi H HY)

or equivalently, as a quadruplet of functions: C(-,1,1), C(-,0,1),
C(-,1,0) and C(-,0,0).
@ The pricing functions satisfy the terminal condition

C(T,y2,¥3,Ya, i, he) = G(y2, ¥3, ¥a, h, h2).
The process Ct = C(t, Y2, Y2, Y}, H;, H?) is a G-martingale under Q.
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Pricing PDEs

Let
@ 74 and 42 be the intensities of 7 and 7 prior to the first default,
@ 7} be the intensity of the default time ~ on the event {r2 < t < 7},
@ 72 be the intensity of the default time 7 on the event {ry < t < 7}.

We obtain the following pricing PDE prior to the first default:

4 4
R R 1
8tC('7 07 0) - Z(,‘{i’y& + wlfyg)ylalc(7 07 0) + § Z O'/O'jy/yjaijC(-7 070)

=2 ij=2

+7(C(-,1,0) - C(-,0,0)) +75(C(-,0,1) — C(-,0,0)) = 0.
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Pricing PDEs (continued)

After the first default, we have

aC(-,1,0) — Z"/’l%}’lal 51,0) + ZUIUJYI}/IauC('a17O)

i=2 I]2

+'y1(C(,1,1) C(-,1,0)) =0,

4
0C(-0,1) = > kA0, C(:0,1) Zo,a,y,y,a,,C(.,o,n

i=2 // =2
+3(C(,1,1) — C(-,0,1)) =0,
and after the second default

1 4
HC( 1, 1) + 5 D aiopyy9C(-,1,1) = 0

ij=2
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Case of m Credit Names

Standing assumptions:

@ Let the random times 74, 72, . . ., 7m, defined on a common probability
space (2, G, Q), represent the default times of m credit names.

@ Under real-world probability @, the price processes Y', Y2,..., Y" of
primary traded assets are governed by

av = Yi_(ui dt+Za, ) W +Z/@, ) d)

where the G-martingales M, I = 1,2, ..., m are given by

TNt t
M = H — / m’,du:Ht’—/ ¢ du.
0 0
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The Markovian Model

@ The processes p', oi, k; are given by some functions on R, x R”
/‘l‘;‘ = IL‘Li(t7 Y1‘1—7 IR )/tn—)v Ui(t) = Ui(t7 YI1—7 IERX] )/tn—)

and
“ii(t) = Ki(t7 \/1‘177 ey YYIL)

@ The functions above are sufficiently regular, so that the SDE admits a

unique strong solution for i =1,2,...,n.
@ The pre-default intensities A’ are deterministic functions of asset prices,
that is,

Ar=M( Y., Y)
foreveryte Ryand/=1,2,...,m.
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Kusuoka’s Theorem

Proposition

Any probability measure Q equivalent to @ on (22,57) is given by the
Radon-Nikodym derivative process n satisfying, for t € [0, T],

d@ o g ok k - A /

m.gt Utggt(/o euqu) /1}8!(/0 CudMu)
where 0',62,...,09 ¢',¢3,...,¢™ are some G-predictable processes such
that ¢! > —1 forevery t € [0, T].

The processes W, k=1,...,dandM', | =1,...,m are G-martingales
under Q where

— t (ot 4
Wl = wf — / o du, M =M — / £4¢, du.
0 0
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Martingale Condition

@ Assume that the number of primary traded assets is equal to the number
of driving orthogonal martingales W', ..., W9 M',... M" plus one, i.e.,
n=d+m+1.

@ In addition, let the price Y be strictly positive.

Proposition

A probability measure Q equivalent to Q on (2, G7) is a martingale measure
associated with a numeraire Y' if and only if the processes 6 and { satisfy
the following equation

. /
Yt'_1( N:+ZU1—U: (9r—01)+251(/‘€1 1+K1)=

fori=2,3,...,n
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Pre-default Martingale Condition

Martingale condition can be represented as follows

AtXt = bt

where:
@ x; = (0, X¢)" is an R9*™-valued process with \¢ = (X'¢1, ..., A™¢™),
@ the R"~"-valued process b is explicitly known,
@ the (n—1) x (m+ d) matrix A; given by

1 1 m m
1 1 d d K{=Fro )
04 — 0o 04 — 0o 1+n} 1+NT
A =
1_ d  ri=rp Ky —rg
01— 0n S s =
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Existence of a Martingale Measure

@ The pre-default intensities A} satisfy the equality A} = 4/ on the event
{r) > t}, that is, prior to occurrence of the first default.

Proposition

Assume that the pre-default intensities X}, [ =1, . .., m are strictly positive
for every t € [0, T]. Then the martingale measure Q for the relative prices

Y™ i=2,3,...,m stopped at rsy A T exists and is unique if and only if A,
exists.

The Radon-Nikodym derivative of Q with respect to Q on (2, §7) is given by

= d . m .
33‘3:[!&(/0 eﬁdwf)ﬂsr(/o ngML).
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First-to-Default Claim (FTDC)

Letus denote 7y =4 A2 A ... AT = min (14,72, ..., Tm).

Definition

A first-to-default claim with maturity T is a defaultable claim (X, Z, 7)),
where X is a constant amount payable at maturity if no default occurs, and
Z=(Z',2?%,...,2") is the vector of G-adapted processes, where Zim
specifies the recovery received at time 74 if the /th name is the first defaulted
name, that is, on the event {7, = 75y < T}.

Assumptions:
@ The processes Z', I =1,2,..., m, are given by some real-valued
functions on [0, T] x R", specifically, Z/ = Z(t, Y}, ..., Y{).
@ X =g(Y?,..., YD) for some function g : R” — R.
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Valuation of an FTDC

@ Assuming that Y is admissible , that is, Y( Ylm)*1 is Q-integrable, we
can represent the risk-neutral value of Y on the random interval [0, 7))
as follows

m(Y) = Vi Bg(Y(Yz,) " 190).

@ In the Markovian set-up, we can deduce the existence of a function
C : [0, T] x Rl — R representing the pre-default price of the claim.

There exists a function C : [0, T] x Rl — R such that we have for every
tel[0,T]

TFI(Y) = C(tv Yt17 ©0ag \/[’7)
on the event {71y > t}.

T. Bielecki, M. Jeanblanc, M. Rutkowski and K. Yousiph PDE Approach to Credit Derivatives



Case of Two Credit Names
Case of m Credit Names

PDE Approach to Basket Claims

Pricing PDE for an FTDC

The function C(t, y1, . .., yn) satisfies the following PDE

atc+222wm8«fc+2(“' Z“““))y’a’

ij=1 k=1

(a1+ﬁ)C+Z)\’1 +C

1

with the terminal condition C(T, y1,...,¥n) = g1, --.,Yn), where

J k¢ pk K N 1+¢
Oéj:/Lj+ZUi(0 —o1), B:Z/\m(1—1 /),
k=1 = o

and
AC = Z(t,yi(1+ 84, ya(1 + 60)) = C(t, 1, -, V).
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Replication of an FTDC

@ Let C; be a candidate for the pre-default arbitrage price of an FTDC
()(7 Z, T(1)).

@ Our goal is to establish the existence of a self-financing trading strategy
¢ such that
n
=> &Y
i=1

on the interval [0, 7(1) A T].

@ Equivalently, C = C(Y")" satisfies

dC _d(Vr ¢’)) Z¢,dv'1

@ In that case, we say that a trading strategy ¢ replicates an FTDC

@ We will show that an FTDC can be replicated and thus the pre-default
risk-neutral value is also the arbitrage price of an FTDC prior to default.
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Notation

@ Let P| stand for the 1 x d vector

P = [ > olY_aC—olC. ... > oY 8,C —o9Ci_ ]

o Let P2 the 1 x m vector for the 1 x m vector

p2 — A Cr—rIC AmCr—rCr_
o] ... T .
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The It6 differential of C; can be represented as follows
dCr = (YL)"'P; aw,
where P; = [P{,P?] and

[ dW,
'.vd
di = | W
am;
| aM” |
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mma

The joint dynamics of relative prices Y,“, i=2,...,ncan be represented as
follows
ady: = Yi_A; dw;

wherey; is the (n — 1) x 1 vector

Y2,1
t
Yyt = a
Yn,1
t
and the diagonal (n — 1) x (n— 1) matrix Y;— equals

veto...0

0o ... Y
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Replicating Strategy

Proposition

Consider a first-to-default claim (X, Z, 74)) with the pricing function C. The

claim can be replicated by the self-financing trading strategy ¢ = (¢',...,¢")
where

(65, 00) = (V) 'PY; A
and

o =) (G- o 6iv)).
i=2
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Example: Four Assets and Two Defaults

@ We consider a market model with four primary assets that are driven by
two possible sources of default and a one-dimensional Brownian motion.
We thus have under the real-world probability Q, fori =1,...,4,

2
aY] = Y (u(t) dt + o] (1) W + > wi(t) o).
I=1

@ Note that condition n = m+ d + 1 is satisfied and the matrix A; becomes

1 1 1 1 2 2

_ Lo ) K1~ kg

01 02 1+.‘<} 1+,~c$

1_ .1 2_ .2

_ 11 Lk e K1—Kg
At - 01 93 1+.~c} 1+ra$
PRI s B e

1 4 1+I{} 1+I‘C$
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Example (continued)

© Assuming that the matrix A; is non-singular and M #£0forte]0, T], we
find that the unique martingale measure Q is given by

aQ :gr(/o‘e;dwu‘) ﬁﬁr(/o‘ CLdML)

aQ
where 0", ¢" and ¢? are given by
91
)\14-1 — At_1bt
)\2{2
with
K,I
pe — 1+ of (0] — 03) + 0 N(kf — ’flz)wlq
NI
bi= | ps— 1 +oi(o] —ad)+ 32 N(ki - ”/3)1+L4
K,I
pa — pi1 + o (0] — 03) + 212:1 N (k1 — ki) 1+;4

PDE Approach to Credit Derivatives
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Example (continued)

@ The dynamics of relative prices Y*',i = 2,3, 4, under Q are given by

K — K}
]
— 14 K4

ayit =y ((a,-‘ —ol)dW, — d/T//,’).

Consider a first-to-default claim (X, Z, 7(1)) where Z = (Z', Z?). Then P;
becomes

P, = [ S olYaC—olC

D C—rIC_  DpC—r3C_ ]
1+m} 1+m$
where the function C solves the pre-default pricing PDE
@ The replicating strategy for an FTDC (X, Z, 7(1y) can be found from the
equality
(07, 62 61) = (V) 'R AT,
combined with the formula

4
o = (v (G =S aivi).
i=2
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Case of Two Credit Names
Case of m Credit Names

PDE Approach to Basket Claims

Final Remarks

In a single-name case:

@ we distinguished between the case of strictly positive assets and the
case of zero recovery for defaultable asset,

@ we examined the pre-default and post-default pricing PDEs,
@ explicit representation for replicating strategies were derived.

In a multi-name case:
@ we concentrated on the case of a first-to-default claim,
@ the pricing PDE and the formula for replicating strategy were derived,
@ the method can be extended to kth-to-default claims.
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